
Analysis and number theory
Limits and continuity

lim
x→a

f(x) = L ⟺ ∀ε > 0 ∃δ > 0:0 < |x − a| < δ ⇒ |f(x) − L| < ε

lim
x→0

sin x
x = 1 lim

n→∞
√n n = 1 lim inf

n→∞
an ≤ lim sup

n→∞
an

Series
Taylor’s theorem with the Lagrange remainder:

f(x) = ∑
n

k=0

f(k)(a)
k! (x − a)k + f(n+1)(ξ)

(n + 1)! (x − a)n+1, ξ between a and x

sin x = x − x3

3! + x5

5! − ⋯ = ∑
∞

n=0

(−1)nx2n+1

(2n + 1)!
1

1 − x = ∑
∞

n=0
xn (|x| < 1)

A Fourier series and the transform pair:

f(t) = a0
2 + ∑

∞

n=1
(an cos 2πnt

T + bn sin 2πnt
T ) , an = 2

T ∫
T

0
f(t) cos 2πnt

T dt

f(̂ξ) = ∫
∞

−∞
f(x) e−2πixξ dx f(x) = ∫

∞

−∞
f(̂ξ) e2πixξ dξ F(s) = ∫

∞

0
f(t) e−st dt

Complex analysis
f(z) = 1

2πi ∮
γ

f(w)
w − z dw ∮

γ
f(z) dz = 2πi ∑

k
Res(f, zk) eiθ = cos θ + i sin θ

Number theory
ζ(s) = ∑

∞

n=1

1
ns = ∏

p prime

1
1 − p−s π(x) ∼ x

ln x ∑
d∣n

φ(d) = n

ap−1 ≡ 1 (mod p) (p ∤ a) gcd(a, b) ⋅ lcm(a, b) = ab
p
k( ) ≡ 0 (mod p) (0 < k < p)

Stirling’s approximation and Ramanujan’s series for :1 / π

n! ∼ √2πn (n
e )

n 1
π = 2√2

9801 ∑
∞

k=0

(4k)! (1103 + 26390k)
(k!)4 3964k

The Gamma and Beta functions:

Γ(z) = ∫
∞

0
tz−1e−t dt, Γ(n) = (n − 1)!, B(x, y) = Γ(x) Γ(y)

Γ(x + y)
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Linear algebra
Eigenvalues, the spectral theorem and the singular value decomposition:

A𝐯 = λ𝐯 det(A − λI) = 0 A = QΛQ⊤ (A = A⊤) A = UΣV ⊤

‖𝐱‖p = (∑
n

i=1
|xi|p)

1/p

⟨𝐮, 𝐯⟩ = ∑
i

uivi tr(AB) = tr(BA)
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